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MATHEMATICAL CHALLENGE 

20 1 4 - 20 1 5 


Sul utious 

Middle Division: Problems II 


Ml 

The scales ofa large fish are made up of arcs of circles with radius rein. Each row of scales 

o v erlaps the ro w bel o w . The seal es w ithin a ro w j ust touch, with thei r centres on a straight line. 
The next row of scales, which overlaps the previous row, is r cm above the prev ious row, with 

the cent res of the scale s abov e the poi nts whe re the seal es in the p re v ious row touch. 

What is the visible area of a single scale? 


Solution 




The area of the semicircle is krr 2 . 

The rectangle is 2 x 2 r so its area is 2^. 

So the v isible area of the top rectangle is 2 r 2 — krrv 
Hence the shaded a rea is 
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Paths from A to B tan on J y proceed upwards or to the right: two example paths from A to B are 
shown. How many such paths are there from A to B that do not go through the centre dot? 

Solution 



There is only I path from A to B via C (or F>. 

There are 4 paths from A to D (one with its right moving section at each of the 4 levels). Each 
of these can be combined with one of the 4 paths from D to B s making 4x4= 1.6 possible 

paths via D (or E>. 

Thus there are 1 + 16 + 16 + J = 34 paths in all not passing through the centre point. 
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Three sides of a regular po lygon with 8 sides a re cho sen at random . Find the probabi I it> r that* 
when these sides are extended, they form a triangle containing the polygon. 


So lur ion 



The on ly a rrangement of edges which fo i ms a t riangl e enc los ing the octagon is as above. (If 
two adjacent or two opposite edges are chosen, there is no third edge which completes a 
tr iangl e. ) 


There are 8 x 7 x 6/33 = 56 ways of selecting sets of three edges. 

The long edge of the triangle could be along any one of the 8 edges of the octagon, and so there 

are 8 way s o f se lecting a set of three edge s wh ich enc lose the octagon. 

.81 

So the probability is — = — . 


M4 

A fruit drink manufacturer has a mixture of 100 litres containing rr'S' of pure orange juice. By 
adding r litres of a mixture containing y% of pure orange juice he wishes to produce a mixture 
containing z% of pure orange juice. Find the value of .v in teims of h\ y and z. 


Solution 

litres of mixture 

% pure o range juice 

litres of pure orange juice 

start 

100 

w 

M - 

amount added 

A' 

y 

xy 

W 

total 

100 + v 

T 

xy 

>v + TTJ) 


The number of litres of pure orange juice in the final mixture is also 

(100 + a )z 

Too 

Hence 

(100 + x )z xx 

= M - + — 

100 100 

(100 + jf)i = 100 m - + Ay 

(z - y ) a = I 00m - - 100; = 100 (m - - z) 

1 00 (m - - ;) 

A = 

z — X 
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A regu la r hexagon circumscribes a circle which circumscribes another regular hexagon. 
The inner hexagon has an area of 3 square units. What is the a rea of the oute r hexagon ? 


Solution 

First, rotate the outer hexagon so that the vertices of the inner 
hexagon touch the oute r hexagon . The radial line o f the ci rcle to 

a vertex of the inner hexagon is then at right angles to the edge of 
the outer hexagon . If one of the equ ilatera I triangle s o f the inner 
hexagon is split into three isosceles triangles, as shown, the angle 
of each of the se i soscel es triang le s at a v ertex of the hexagon is 
30 degrees. Hence the angle at that vertex of the triangle outside 
the inner hexagon is also 30 degrees. So the area of the triangle 

outs ide the inner hexagon is equal to the a rea o f one of these 
isosceles triangles. So the area of the outer hexagon is 4/3 times 

the area o f the inner hexagon i.e. is 4 square un its . 

(This can, of course, also be done withoutthe initial rotation). 



Ahernath 'e 



Each hexagon can be split into six equilateral triangles. Let the 
sides be h and d a s ind icated. 

The area of each of the larger triangles is 4/r sin 60" and the 
area o f each of the smal I er triang les is sin 60 ~ . Thus 

Area o f large r hexagon 6 x (4/r sin 60') f? 

Area of smaller hexagon 6 x (W 2 sin 60') d 2 


But, from the shaded right-angled triangle 


d 

— = sin 60° = — 
h 2 




Thus 


Area o f large r hexagon = 


- x Area o f sma I le r hexagon = 

3 
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